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Abstract. Given a bounded domain in R 2 , we investigate the scalar 
Chern-Simons equation 

] -Au + e"(e° - 1) = (J in O, 

in cases where there is no solution for a given nonnegative finite measure 
fi. Approximating /i by a sequence (/x n )«eN of nonnegative L 1 functions 
or finite measures for which this equation has a solution, we show that 
f) [ the sequence of solutions (u n )nsN of the Dirichlet problem converges 

D . to the solution with largest possible datum /x # < fi and we derive an 

explicit formula of /x # in terms of fi. The counterpart for the Chern- 
, Simons system with datum (/i, v) behaves differently and the conclusion 

depends on how much the measures /j, and v charge singletons. 
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In this paper we investigate a question concerning convergence and sta- 
bility of solutions of the scalar Chern-Simons problem 
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1. Introduction and main results 



f -Au + e u (e u - 1) =n in SI, 
(1.1) <^ 

K ' \ u = on dn, 



where f2 C M 2 is a smooth bounded domain and u is a finite Borel measure 
— equivalently a Radon measure — in Q,. By a solution of (jl.ip . we mean 
a function u G W Q ' (0) such that e u (e" — 1) G -L 1 (17) and satisfying the 
■ equation in the sense of distributions. 

Using for instance a minimization argument in W(j' 2 (r2), one shows that 
the scalar Chern-Simons equation always has a solution with datum n G 
L P (J7) for any 1 < p < oo |14} Chapter 2]. Existence in the case of datum 
fi G L 1 (0) can be obtained by approximation using L°° data Corollary 12; 
QH Chapter 3]. 

The case of nonlinear Dirichlet problems with measure data is more subtle. 
This issue has been discovered by Benilan and Brezis [2H1] in a pioneering 
work concerning polynomial nonlinearities in dimension greater than 2. 

The case of exponential nonlinearities in dimension 2 has been investi- 
gated by Vazquez [17] . For instance, if /i = a5 a for some a G fi, then for 
every a > 2n the Dirichlet problem (jl.ip has no solution with datum \x. 
The counterexample above gives the only possible obstruction in the case 
of exponential nonlinearities: /i is a good measure — that is the Dirichlet 
problem (jl.ip has a solution — if and only if for every i£S!, 

V({x}) < 2tt. 
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We want to understand what happens when one forces the Dirichlet prob- 
lem to have a solution when no solution is available. For instance, if /x is a 
measure for which (jl.ip has no solution, then one could approximate p by a 
sequence (p n * /i) n eN of convolutions of p — for which we know the Dirichlet 
problem has a solution — and then investigate the limit of the sequence of 
solutions (n n ) n£ N- 

This program has been proposed and implemented by Brezis, Marcus and 
Ponce [6j in the case where p is approximated via convolution. They have 
proved that for any sequence of nonnegative mollifiers (p n )neN, if u n satisfies 
f -Au n + e Un (e Un -l)= p n *p in ft, 
\ u n = on dfl, 

then the sequence (u n ) ng N converges in L 1 (f2) to the largest subsolution u* 
of the scalar Chern-Simons problem with datum p [61 Theorem 4.11]. 

The result in [6] concerns more general convex nonlinearities and holds 
in any dimension, but strongly relies on the fact that the approximating 
sequence (p n * p) n eN is constructed via convolution of p [6, Example 4.1]. 

Our first result shows that for the Chern-Simons equation the conclusion 
of Brezis, Marcus and Ponce is always true regardless of the sequences of 
functions — or even measures — (p n )neN converging to p. 

Theorem 1.1. Let (p n )neN be a nonnegative sequence of measures in Q 
such that for every n £ N and for every x £ fl, 

and let u n satisfy the scalar Chern-Simons problem 

f - Au n + e Un (e Un - 1) = p n in 17, 
\ u n = on dQ.. 

If the sequence {p n )n&n converges to a measure p in the sense of measures in 
ft, then the sequence (ii n ) nG N converges inL 1 (0) to the solution of the scalar 
Chern-Simons problem with datum p&, where pft is the largest measure less 
than or equal to p such that for every x € Q, 

p*{{x}) < 2vr. 

A sequence (p n ) n< =n converges weakly to p in the sense of measures in fi, 
if for every continuous function £ : 0, — > R such that ( = on dil, 

lim / (dp n = (dp. 

We denote this convergence by p n — 1 p in where M(Q) is the vector 

space of (finite) measures in Q equipped with the norm 

IHU(^) = = J d H- 

n 

Applying Theorem 11.11 we deduce an explicit formula of p# in terms of 
p. Indeed, if we write p as a sum of nonatomic part ~p and an atomic part 

oo 

P = P + ^ oii5 ai , 

i=0 
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where cti > and the points ai are distinct, then 

oo 

fi# =~p+) j min {ati, 2ir}5 ai . 
i=0 

Since /i is a finite measure, there can only be finitely many indices % such 
that on > 2tt. In particular, the measure \i — is supported in a finite set 
and for every a£!l, 

^ # ({a})=min{MW),2vr}. 

We may recover the result of Brezis, Marcus and Ponce using their notion 
of reduced measure fi*. By definition, the reduced measure is the unique 
locally finite measure in fi such that 

H* = -Au* +e u *(e u * -1) 

in the sense of distributions in fi, where u* is the largest subsolution of the 
Dirichlet problem (jl.ip . The fundamental property of reduced measures [6, 
Theorem 4.1] asserts that [i* is a (finite) measure in fi, u* satisfies the 
Dirichlet problem (jl.ip with datum fi* and [/,* is the largest good measure 
less than or equal to fi. According to Vazquez's result such largest good 
measure is precisely Therefore, 

As an application of the tools we use to prove Theorem ll.il we investigate 
what happens to the approximation scheme for the Chern-Simons system 



' -Au + e v (e u - 
< -Av + e u (e v - 



1) 


= V 


in fi, 


1) 


= V 


in fi, 


V 


= 


on <9fi 



By a result of Lin, Ponce and Yang [111 Theorem 1.1], the system above 
has a solution for nonnegative measures fi and v in fi if and only if for every 

x e fi, 

H({x}) + u({x}) < 4vr. 
A first result in this direction consists in identifying the sum of the com- 
ponents of the reduced limit (//#,z/#). 

Theorem 1.2. Let (^ n ) ng N and (v n )n£N be sequences of nonnegative mea- 
sures such that for every n £ N and x € fi, 

Mn(W) + Vn({x}) < 47T 

and let (u n ,v n ) satisfy the Chern-Simons system 



' "Attn 


+ e Vn (e Un - 1) 


= Hn 


in fi, 


< -Av n 


+ e Un (e Vn - 1) 


= v n 


in fi, 






= 


on <9fi 



If the sequences (// n )ngN and (V n )ngN converge to fx and v in the sense of 
measures in fi, and if (u n ) ne n and (v n )neN converge to u and v in L 1 (fi), 
then (u,v) satisfies the Chern-Simons system with datum where 

(ii) < v* < v, 
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(Hi) [jr + v# is the largest measure less than or equal to fi + u such that 
for every 

fi*({x}) + v*({x}) < 4vr. 

The assumption concerning the convergence of the sequences (n n ) nS N and 
(vn)neN hi L 1 (il) is not restrictive since if the sequences (yU n )neN and (f n )neN 
are bounded A4(fl), then both (it n ) nS N and (f n )neN are compact in L 1 (0). 
This is a consequence of a contraction estimate for Dirichlet problems with 
an absorption nonlinearity and Stampacchia's linear regularity theory [141 
Chapter 3 and Chapter 4; [161 Theoreme 9.1]. 

By Theorem II. 2\ the measure ^ + v^ 1 can be expressed only in terms 
of the measure fi + v as we did in the case of the scalar Chern-Simons 
problem. We deduce that the nonatomic parts of fjft and v^ 1 coincide with 
the nonatomic parts of \i and u, so we are still left to identify the atomic 
parts of pfi and v$ . 

This raises the following question: are the measures pfi and v* indepen- 
dent of the choice of sequences (/i n )neN and (^ n )neN converging weakly in 
measure to fi and vl Despite of what happens in the scalar case, in general 
the answer is negative; see Section 15.31 

We have been able to identify two cases where the answer is affirmative. 

Theorem 1.3. Let a 6 fl. Under the assumptions of Theorem 1 1.21 
(i) if //({a}) = or v({a}) = ; then 

fi#({a}) = min{^({a}),4vr}, 

is*({a}) = mm {v ({a}), Air}; 

(ii) if fi({a}) < Air and v({a}) < Air, then 

#u n • \ u ^\ /r n MM) + v({a}) - Air \ 
fj* ({a}) = mm U({a}), ^({a}) - -^-^ j, 

u*({a}) = mmiv({a}), " (M) - j- 

Without one of these assumptions on the measures // and v, the reduced 
limit v#) depends on the choice of sequences (/-i n )neN and (u n ) ne ^. The 
proof is based on Theorem 11.31 and on Cantor's diagonal argument. A sketch 
of the argument is presented in Section 15.31 below. 

2. Proof of Theorem II. II 

By a standard property of elliptic equations with absorption term |14[ 
Chapter 7], for every n € N, 

(2-2) || e ^ (e ^ _ < H^H^n). 

Thus, by the triangle inequality, 

||A«n||A4(fi) < 2||^ n || A 4(Q). 

Since the sequence (/i n ) n£ N is bounded in M(ft), the sequence (Au n ) ne ^ 
is also bounded in M(Q). From Stampacchia's linear regularity theory |14[ 
Chapter 3; [161 Theoreme 9.1], the sequence (u n ) n ^ is bounded in V7 1,l3 (f2) 
for every 1 < q < 2. By the Rellich-Kondrachov compactness theorem, there 



LIMIT SOLUTIONS OF THE CHERN-SIMONS EQUATION 



5 



exists a subsequence (u nk )k^N converging to some function u in L 1 (fi) and 
a.e. in Q,. By (|2.2p . the sequence (e Mn (e" n - l)) n eN is bounded in 
Passing to a further subsequence if necessary, we may assume that there 
exists a finite measure r in H such that 

e «n fc ( e «n fe _ i) A e «( e « - l) + r in 

Thus, u satisfies the scalar Chern-Simons problem 

■Au + e"(e"-l) = /i-T in Q, 
u = on <9r2. 

Consider the set 

A = {x G : //({a:}) > 2vr}. 
Since is a finite measure, the set ^4 is finite. We first prove that r is 
supported in A. 

For this purpose, let N(fx n ) be the Newtonian potential generated by [i n , 
N((i n )(x) = / log ( | r J d^ n (y), 

/7r in v \ x ~ y\ j 

where d > diamfl. Given & 6 11 and r > 0, we first write the Newtonian 
potential of [i n as 

N(nn) = N(n n [ Br(b) ) + N(n n [ n \ Br{b) ). 

Assume for the moment that there exist e > and m G N such that for 
every n > m, 

(2.3) Hn(B r {b)) < 2vr - e. 

By the Brezis- Merle inequality Theorem 1; [1^1 Lemma 8.2], there exist 
p > 1 and Ci > such that for every n > m, 

|| e 2Ar(MnL.B r (6))|| < Ci 

Ir lliJ>(n) - U1- 

Since the functions N(fi n [Q\B r (b)) are harmonic in -B r (&) and have a uni- 
formly bounded L 1 norm in B r (b), the sequence (-/V(/x„ |_c\B r (fe))) ngN is um_ 
formly bounded in B r /2(b)- We conclude that there exists C2 > such that 
for every n > m, 

H e ll£P(B r/a (6)) - °- 



-'2- 



Note that if 6 G $7 \ A, then there exist e > and r > satisfying 
Indeed, let e > and it! > such that 

H(B R (b)) < 2vr-e. 

Then, by weak convergence of the sequence (// n )neN [El Section 1.9], prop- 
erty (|2.3p holds for every < r < i? and for every < e < e. 
Let U n be the solution of the linear Dirichlet problem 

-AU n = [i n in 0,, 
U n = on dn. 

By the comparison estimate between the solution U n of the linear Dirichlet 
problem (|2.5p and the solution u n of the nonlinear Dirichlet problem |14t 
Chapter 7], for every n G N we have 

Un < U n in ft. 



(2.5) 
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By the weak maximum principle [14, Chapter 5], U n < N(ji n ) in O. Hence, 

u n < N(fj, n ) in Q. 

It follows from ([2.4p that the sequence (e" n (e"* 1 — l)) nS N is uniformly bounded 
in L p {B r j 2 {b)). Since u nk — > u a.e. in B r j 2 {b), by Egorov's theorem we get 

e un k ( e n nfc _ 1) e «( e « _ i) in L 1 {B r/2 (b)). 

We deduce that r = in B r / 2 (b) ■ Since b £ ft \ A is arbitrary, we conclude 
that t is supported in A. 

If the set A is empty, the conclusion of the theorem follows with = /x. 
We may assume that A is nonempty. Recalling that A is a finite set, we 
may write 

A = {x 1 , . . .,xi}, 

where the points Xj € fi are distinct. 

Given i € {1, ...,/}, let r > be such that B r {xi) C\ A = {x{}. For every 

°- q< mM)' 

let Vk be a function satisfying the scalar Chern-Simons problem 

J -Av k + e Vk (e Vk -l) = an nk inB r ( Xi ), 
I f fc = on dB r (xi). 

The existence of ffc follows from [171 Theorem 2]; alternatively, one may 
apply the method of sub and supersolution [THJ Corollary 5.4; [TH Chapter 6] 
with subsolution and supersolution u rik . In particular, 

< V k < ^Hfc m ^L- 

Since for every x € B r (xi), 

a/j,({x}) < 2ir, 

the sequence (ufc)fcgN converges in L 1 (0) to the unique solution v of scalar 
Chern-Simons problem in B r (xi) with datum a^. 

Since v < u and since points have zero W 1 ' 2 capacity in M 2 , by the 
Inverse maximum principle Theorem 3; [T4"l Chapter 5] we have for every 

-Av({ Xl }) < -Au({ Xi }). 
Computing in particular both measure in the set {xi}, we get 

atfi({xi}) <{H~ r){{xi}) = n*({xi}), 

where 

s 

fjr = fj, — T. 
Taking the supremum over a, we deduce that 

2vr < n#({xi}). 

On the other hand, by Vazquez's nonexistence result [U Section 5; [T71 Sec- 
tion 5], we also have //^({xj}) < 2ir. We conclude that 

H = /i* in \ {x%, . . . , xi} 
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and for every i G {1, ...,/}, 

H*({xi}) = 2tt. 

In particular, the measure /i* does not depend on the subsequence (u nk )keN- 
Since the solution of the Chern-Simons problem is unique for nonnegative 
datum, we deduce that the entire sequence (u n ) ng N converges to u in L 1 (Q). 
The proof of the theorem is complete. □ 



3. Proof of Theorem 11.21 

We first show that 



Recall u n € Wq' 1 ^) and that for every (p 6 C£°(£l), 

- / u n Aip+ / e Vn (e Un -l)<p = / ipdfi n . 
Jn Jn Jn 

The nonlinear term in the equation verified by u n satisfies the sign condition: 

for every t € R, 

e Vn (e t - l)signf > 0. 

From the comparison estimate |14^ Corollary 7.9] , fj, n > implies that u n > 
0. Since the sequence (u n ) n& ^ and (u n )neN converge to u and v in L-'-(fi), if 
the test function satisfies (p > 0, then by Fatou's lemma, 

/ e"(e u - l)(p < hminf / e Vn (e u ™ - 1W 
Jn n ^°° Jn 

As we let n tend to infinity in 0, we get 

/ ipdfi* = - I uAip+ I e v (e u -l)tp< [ ipd^. 
Jn Jn Jn Jn 

Since this property holds for every <p £ C^°(Q) such that (p > 0, we deduce 
that /i# < /i. 

We now show that 

/i # > 0. 

This property is proved in [12, Theorem 1.3] in the case of semilinear 
equations with nonlinearities without dependence on the domain variable. 
We explain below the main steps of the argument in our case. 

Given an increasing sequence of nonnegative integers (nfc)fcg^, write 

where 

A k = {u k <k}f] {v k < k}. 

Using Cantor's diagonal argument, the sequence (rik)keN m ay be chosen such 
that PU Lemma 3.2] 

e «»fc(e u »* - l) X A h -> e v (e u - 1) in L 1 ^). 

By the capacitary estimate satisfied by the functions and v k \12\ Lemma 3.2; 
[Til Lemma 9.4], 

C 

cap^/1,2 (fi \ Afe) < cap^i.2 > fc}) + cap w i,2 > A;}) < — , 
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for some constant C > independent of k. In particular, the W 1,2 capac- 
ity of the set O \ A}, converges to zero as k tends to infinity. Therefore, 
(e Vn k (e" n fc — l)xn\A fc ) ngN is a concentrating sequence with respect to the 
W 1,2 capacity in the sense of the Biting lemma [8"t 1121 Section 2]. 

We may now proceed as in the proof of |12l Theorem 5.1] to conclude 
that pft > 0. The main ingredient in this step is a counterpart of the 
Inverse maximum principle concerning the concentrated limit of sequences 
with respect to the W 1 ' 2 capacity [1'2\ Theorem 4.2]. 

We have proved that < fjft < fi. Reverting the roles of u and v, we 
obtain < v& < v. 

It remains to establish Assertion (m). For this purpose, let t\ and t 2 be 
finite measures such that 

e «n( e «n_l) A e «( e «_l) +r 

(3.6) in M(n). 

e«n( e «»-l) -^e u (e v -l) + r 2 

Thus, (u, v) solves the Chern-Simons problem 

-Au + eV 
-Av + e u (e 



Proceeding as in the previous proof, we can apply the Brezis-Merle inequality 
and comparison estimates to show that t\ and t 2 are supported in the finite 
set 

B = {x G n : fi({x}) + v{{x}) > 4vr}. 
Assuming that B is nonempty, we may write 

B = {yi, ...,yi} 

where the points yi € £1 are distinct. Given i G {1, . . . , I}, let r > be such 
that B r (yi) fl B = {yi}. Adding the equations satisfied by u n and v n , we 
have 

-A(u n + v n ) + 2(e Un+Vn - 1) > fin + u n - 2 in O. 
Note that for every 

< a < 



1) 


= A* 


- n 


in 0, 


1) 


= V 


- T 2 


in f2, 


V 


= 




on dfl 



/i({w» + K{w})' 

there exists w n satisfying the equation 

J -Aw n + 2(e Wn - 1) = a{ft n + v n )-2 in B r ( yi ), 
1 w n = on dB r (yi). 

The existence of w„, follows from |14[ Chapter 8; \TT\ Theorem 2]; alterna- 
tively, one may apply the method of sub and supersolution [13, Corollary 5.4; 
[T4"l Chapter 6] with subsolution and supersolution u n + v n . In particular, 

< w n < u n + v n in Q. 
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By a variant of Theorem 11.11 with nonlinearity e* (e* — 1) replaced by e* — 1, 
the sequence (u> n )neN converges in L (B r (7ji)) to the solution of 

( -Aw + 2(e w - 1) = a(n + u) - 2 in B r ( yi ), 
| w = on dB r (yi). 

In particular, w < u + v in B r {yi). By the Inverse maximum principle [9, 
Theorem 3;[T31 Chapter 5], we deduce that 

«(MM) + KM)) < /^ # (M) + ^ # (M)- 

Taking the supremum over a, we conclude that 

47r</i#({ 2/l }) + i/#(M). 

Since the reverse inequality holds, equality follows for every i S {1, ... ,1}. 
The proof of the theorem is complete. □ 

4. Proof of Theorem 11.31 
If M{a}) + KW) < 4vr, then by Theorem [OJ 

M #({a}) + * # ({a}) = /,({«}) + i/(W). 
Since < /i and z^* < we deduce that 

A* # (M)=A*(W) and v*{{a}) = v({a}). 

We now assume that /j,({a}) + ^({a}) > 4-7T. In this case, by Theorem ll.21 

(4.7) fi*({a}) + v*({a}) =4ir. 

Recall that < p* < \i. Thus, if /u({a}) = 0, then fi*({a}) = 0, 
whence i/*({a}) = 4-7T by the above identity. Similarly, if u({a}) = 0, then 
v#({a}) = and /U*({a}) = 47r. This concludes the proof of Assertion (i). 

In order to complete the proof of Assertion (ii) , we assume that in addition 
to (|4.7p . we have 

(4.8) A»(M) < 4vr and i>({a}) < 4vr. 
Using the notation of the proof of Theorem II. 2\ we show that 

r 1 ({a})=r 2 ({a}). 

Since v n > in Q, 

e Vn (e Un -l) >e Un -l in 0. 
In particular, u n is a subsolution of the Dirichlet problem 

-Aw + e w - 1 = A in O, 
u? = on dO,. 



(4.9) 



with datum A = /%. Since v n > and for every x£(], // n ({x}) + u n ({x}) < 
Air, we have for every x G fi, ^ n ({x}) < Att. By Vazquez existence re- 
sult [HI Chapter 8;[T71 Theorem 2], there exists u n satisfying the Dirichlet 
problem above with datum A = fj, n . By a comparison principle between 
the subsolution and the solution of the Dirichlet problem [TJ1 Chapter 5], 
u n < Un in O. 
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It follows from a variant of Theorem 11.11 with nonlinearity e*(e* — 1) re- 
placed by e* — 1 that the sequence (u n ) n< =n converges in L 1 (fi) to the function 
u satisfying the Dirichlet problem (|4.9p with datum A = jl, where jl is the 
largest measure less than or equal to such that for every x G £1, 

K{ x }) < 47T. 

In particular, since n({a}) < 4-7T, we have 

£({a}) = 

We also observe that the measure fj, — jl is supported in a finite set, thus 
there exists r\ > such that 

jl = fi in B ri (a). 

Hence, 

(4.10) e""^e" m M(B ri (a)). 

Similarly, if v n denotes the solution of the Dirichlet problem (|4.9p with 
datum A = v n , then v n < v n in fi and the sequence (v n )n£.n converges to 
the solution of the Dirichlet problem f|4.9|) with datum A = v where the 
measure v satisfies v({a}) = v({a}) and v — v is supported in a finite set. 
In particular, there exists r 2 > such that 

(4.11) e^^e ¥ in M{B r2 {a)). 
On the other hand, writing 

it follows from f|3.6|) that 

e u " - e v " A e " - e " + n - r 2 in M(fi). 
We observe that for every n G N, 

_ e Vu < Q U n _ e V n < Q U n ^ ^ 

As we let n tend to infinity, we deduce from (|4.10p and (|4.1ip that for every 
< r < min{ri,r2}, 

-e ¥ < e" - e v + n - r 2 < e" in B r (o). 

Since the measure t\ — r 2 is supported in a finite set — in particular is 
singular with respect to the Lebesgue measure — we conclude that t\ = r 2 . 

Let r = r\ = r 2 . By Theorem II. 2\ we have 

MW) + KW) " 2r({a}) = p*{{a\) + ^#({a}) = 4vr. 

Thus, 

r (W) = 2 ' 

from which the conclusion follows. □ 
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5. Concluding remarks 

5.1. Connection to reduced limits. We have restricted ourselves to so- 
lutions of the Dirichlet problem, but we could also ask what happens to 
nonnegative solutions of the scalar Chern-Simons equation 

-Au + e u (e u -1) = fi in ft, 

without taking into account the Dirichlet boundary condition. 

Solutions of the equation depend on the boundary data, but the approx- 
imation scheme does not. More precisely, for each n £ N take a solution 
u n of the equation with datum fj, n without prescribing any boundary con- 
dition. If the sequence (u n ) n ^ converges to a function u in L 1 (ft) and if 
the sequence (fJ, n ) n ^n converges weakly to some measure //, one shows that 
u satisfies the scalar Chern-Simons equation with some datum possibly 
different from [i. If we now take another sequence of solutions (f n )neN with 
the same data (/%) n eN converging to another function v in L 1 (ft), then v 
satisfies the scalar Chern-Simons equation with the same datum pfi 1 . This 
remarkable property has been recently discovered by Marcus and Ponce |12j . 
where they introduce the concept of reduced limit 

Combining Theorem 11.11 with |12|. Theorem 1.2], we deduce the following 
result. 

Corollary 5.1. Let (/i n ) n eN ^ e a nonnegative sequence of measures such 
that for every n E N and for every 

Vn({x}) < 2ir 

and let u n satisfy the scalar Chern-Simons problem 

-Au n + e Un (e u " - 1) = fj, n in ft. 

If the sequence (// n )ngN converges to a measure /j, in the sense of measures in 
ft and if the sequence (u n ) n( =N converges to u in L 1 (ft), then u is the solution 
of the scalar Chern-Simons equation with datum defined in Theorem \l.l\ 

5.2. Signed measures. The sign of the measure fi affects substantially the 
conclusion. If (fJ, n )neN is any sequence of nonpositive measures converging 
weakly in measure to some measure fi, then fj, is nonpositive and the se- 
quence of solutions of the Dirichlet problem for the scalar Chern-Simons 
equation converge to the solution with datum [i. This case is easier since 
the solutions u n are nonpositive, whence the nonlinear term of exponential 
type is harmless. 

The situation is more delicate when the sequence (fJ, n )neN is not assumed 
to have a fixed sign. In this case, one can show that given a signed measure 
fx, positive numbers c±, . . . ,c m , and points x±, . . . ,x m G ft, there exists a 
sequence (/ n )neN in C^°(^) such that 
(a) (fnjnen is bounded in L^ft), 
(6) (/n)neN converges to fi in the sense of measures, 

(c) the solutions u n of the scalar Chern-Simons problem with datum f n 
converge in L x (ft) to a solution of the scalar Chern-Simons problem 

m 

with datum - £ Ci5 Xi . 

i=l 
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In particular, it is not possible in this case to have an explicit formula of 
the measure /x^ only in terms of fi. We refer to [151 Teorema 4.8] for the 
proof. 

5.3. Nonuniqueness of the reduced limit of the Chern-Simons sys- 
tem. The reduced limit of the Chern-Simons system cannot be 
computed only in terms of the weak* limit (/i, u) when both conditions 

(a) M ({x}) = or v{{x}) = 0, 

(b) n({x}) < 4tt and v({x}) < Air, 

fail for some x G £1. 

Proposition 5.2. Let a G £1. For every a > 4ir and for every ft > 0, there 
exist sequences (fi l n ) n& ^ and (f^) n eN of nonnegative functions mL 1 ($l) with 
i G {1, 2} such that 

(i) (/4J„ e N and (z/^) ng jj converge weakly to a8 a and /35 a in the sense of 
measures in £1, 

(ii) there exists a sequence of solutions ((u l n , v l n )) n&fi of the Chern-Simons 
system with datum (/i^,z/^) converging in L 1 (J7) x L 1 (J7) to a solution 
with datum (a*'#<5 a , j3 % ^5 a ), 
(in) a 1 '* / a 2 '* and [3 1 ** / /? 2 '#. 

We shall not prove this proposition. Instead, we restrict ourselves to the 
case where (a5 a ,f35 a ) is given by 

(5ir5a,2ir5 a ) 

for some a G ft, in order to emphasize the main idea of the proof. 

For this purpose, let (/ n )neN be a sequence of nonnegative functions in 
L 1 (0) such that 

/„ A 5 a in M(Sl). 
We construct the first sequence ((//^, ^n)) neN of the form 

((57r/m„,2vr/ n )) neN 

where (m n ) ng N is a sequence of positive integers to be chosen below. For 
fixed n G N, let ((u^, ^m, n )) mg N ^ e a s °l u ti° n °f the Chern-Simons system 
with datum (5nf m ,2irf n ). Then, as m tends to infinity, 

(5vr/ m , 27r/ n ) - (5^ a , 2vr/ n ) in A4(fi) x A4(0). 

By a standard property of elliptic equations with absorption term j!4l 
Chapter 7] and by Stampacchia's linear regularity theory [14^ Chapter 3], 
the sequence ((■u^ in , "J, |ft )) meN is compact in x L 1 (il). It is then 

possible to extract a subsequence with respect to the index m if necessary 
such that for every n G N, 

)^{ui,v l n ) mL\ft)xL\ft) 

as m tends to infinity. It follows from Theorem 11.31 that satisfies 
the Chern-Simons system with datum (47r5 a , 2irf n ). 
Note that 

(47r<5 a , 2vr/ n ) A (4vrJ a , 2vr5 a ) in x 
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By compactness of the sequence ((u^, i^)) N in L 1 (fi) x we may ex- 

tract a subsequence converging to (u , v ). By Theorem 1 1.3 1 (it 1 , v 1 ) satisfies 
the Chern-Simons system with datum (3ir5 a , n5 a ). 
For every nGN, take m n G N such that 

111 111 111 111 ^ 

\\ u m„,n ~ u n\\L 1 (n) + \\ v m n ,n ~ ^nlli 1 ^) < ~ ~ y 

Then, the sequence ((«[,„,„, «m„,n)) meN converges to (uV 1 ) in L x {Sl) x 
L 1 (0). We have found a sequence of solutions of the Chern-Simons system 
with datum ((57r/ mn , 27r/ n )) rigN converging to the solution with datum 

(37n5 a ,7n5 a ) . 

We construct the second sequence (u^, v 2 ) n ^ of the form 

((4vr/ mn +7r/ n ,27r/ m „)) ngN , 

where (m n ) ng N is a sequence of positive integers, possibly different from the 
previous one. For fixed nGN, let (("m,n>' l, m,n)) m gN De a s °l u ti on of the 
Chern-Simons system with datum (47r/ m + 7r/ n ,27r/ m ). Then, as m tends 
to infinity, 

(4vr/ m + nf n , 2nf m ) A (47r5 a + 7r/ n , 27n5 a ) in A*(J2) x A*(J2). 

The sequence ((u^ n , ^m,n)) me N is compact in L 1 (r2) x L 1 ^). It is then 
possible to extract a subsequence of with respect to the index m if necessary 
such that for every nGN, 

It follows from Theorem 11.31 that (u^jV 2 ) satisfies the Chern-Simons system 
with datum (37r<5 a + irf n ,TT5 a ). 
Note that 

(3vr5 a + irf n ,ir5 a ) A (4tt<5 , 7r<5 a ) in .M(Q) x M(fl). 

By compactness of the sequence ((u^, "i^)) ngN in L 1 (fi) x L 1 (fi), we may ex- 
tract a subsequence converging to (u 2 ,v 2 ). By Theorem 1 1.31 (u 2 ,v 2 ) satisfies 
the Chern-Simons system with datum (-y<5 a , §5 a ). 

Proceeding as before, for every n G N we may choose m n G N such 
that {{u 2 m ^ n ,v 2 m ^ n )) m&i converges to (u 2 ,v 2 ) in L x (fi) x L 1 ^). Hence, 
there exists a sequence of solutions of the Chern-Simons system with datum 
((4vr/ mn + nfn, 27r/ m J) ngN converging to the solution with datum 
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